The propagation of electromagnetic radiation in periodically stratified media is considered. Media of finite, semi-infinite, and infinite extent are treated. A diagonalization of the unit cell translation operator is used to obtain exact solutions for the Bloch waves, the dispersion relations, and the band structure of the medium. Some new phenomena with applications to integrated optics and laser technology are presented.
I. INTRODUCTION
Periodic optical media and specifically stratified periodic structures play an important role in a number of applications. These include multilayer high-reflectance coatings for both high reflection and antireflection. This application benefitted largely from the pioneering analysis of Abeles. 1 Other proposals involve the use of these structures for phase matching in nonlinear optical applications2- 4 and for obtaining optical birefringence in stratified media composed of isotropic or cubic materials. 5, 6 Recent developments in the crystal-growing field, especiallyin molecularbeam technology, 7 make is possible to grow multilayer media with well-controlled periodicities and with layer thicknesses down to 10 A. We may thus well consider the periodic optical structure as a new optical medium to take its place along with that of, say, homogeneous isotropic and anisotropic materials. Before proceeding with the many applications envisaged for periodic media we need to understand precisely and in detail the nature of electromagnetic wave propagation in these media. Although a number of special cases have been analyzed, a general theory is not available. To illustrate this situation we may point out, as one example, that the present state of the theory does not answer questions such as that of the direction of group and energy velocities of waves in periodic media or even that of the birefringence at arbitrary angles of incidence.
The two papers that follow describe a general theory of electromagnetic propagation in periodic media. The theoretical approach is general, so that many situations considered previously will be shown to be special cases of our formalism. The theory has a strong formal similarity to the quantum theory of electrons in crystals and thus makes heavy use of the concepts of Bloch modes, forbidden gaps, evanescent waves, and surface waves.
In addition to demonstrating the application of the theory to a number of familiar problems, such as reflectivity of multilayer films, we consider in general form a variety of some experimental situations which include Bragg waveguides, birefringence and group velocity at arbitrary directions, phase matching in nonlinear optical applications, multichannel waveguides, and optical surface waves. We also consider the important problem of propagation and reflection in media with periodic gain and loss alternation which is relevant to x-ray laser oscillation in artificially layered media, 
II. MATRIX METHOD AND TRANSLATION OPERATOR
For the sake of clarity in introducing the basic concepts we will consider first the simplest type of periodically stratified medium. The extension to the more general case is presented in Appendix A. The stratified medium treated in what follows consists of alternating layers of different indices of refraction. The index of refraction profile is given by n2, O<x<b, n(x)= n: b<x<A with n(x +A) =n(x)), (1) (2) where the x axis is normal to the interfaces and A is the period. The geometry of the structure is sketched in Fig. 1 . The distribution of some typical field components can be written (3) The electric field distribution within each homogeneous layer can be expressed as a sum of an incident plane wave and a reflected plane wave. The complex amplitudes of these two waves constitute the components of a column vector. The electric field in the a layer of the nth unit cell can thus be represented by a column vector By eliminating E(x, z) = WOO eikox(x-nA) + bra) e-ikogx(x-nA))eifB (4) with
E(x,z)=E(x)e e-'t
The column vectors are not independent of each other.
They are related through the continuity conditions at the interfaces. As a matter of fact, only one vector (or two components of two different vectors) can be chosen arbitrarily. In the case of TE modes (E vector in y-z plane) imposing continuity of E and BE/Bx at the interface (see Fig. 2 (6) ik 2 x(e-ik2xa -e'd2xndn) = ik(e -eix
ban)
The four equations in (6) can be rewritten as the following two matrix equations: The matrix in (9) is the unit cell translation matrix which relates the complex amplitudes of the incident plane wave a,-, and the reflected plane wave bn l in one layer of a unit cell to those of the equivalent layer in the next unit cell. Because of the fact that this matrix relates the fields of two equivalent layers with the same index of refraction, it is unimodular, i. e., (14) It is important to note that the matrix which relates
AD -BC =1
( (Cn
dn-to dn
is different from the matrix in (9) . These matrices, however, possess the same trace (Appendix A). As will be shown later, the trace of the translation matrix is directly related to the band structure of the stratified periodic medium.
The matrix elements (A, B, C, D) for TM waves (H vector in yz vector plane) are slightly different from those of the TE waves. They are given by As noted above, only one column vector is independent. We can choose it, as an example, as the column vector of the nl layer in the zeroth unit cell. The remaining column vectors of the equivalent layers are given as (19) Yeh et al. 424
is obtained. The matrix elements are By using (14) , the above equation can be simplified to times any arbitrary constant. The Bloch waves which result from (26) can be considered as the eigenvectors of the translation matrix with eigenvalues e'IKA given by (25) . The two eigenvalues in (25) are the inverse of each other, since the translation matrix is unimodular. Equation (25) gives the dispersion relation between w, ,1, and K for the Bloch wave function
The column vector for the n 2 layer can always be ob tained by using Eq. (8); more generally, we can sp( the field uniquely by specifying any ai and b,.
III. BLOCH WAVES AND BAND STRUCTURES
The periodically stratified medium is equivalent t one-dimensional lattice which is invariant under the lattice translation. The lattice translation operator is defined by Tx =x + 1A , where I is an integer; it fo lows that The ABCD matrix derived in Sec. II is a representation of the unit cell translation operator. According to the Floquet theorem, a wave propagating in a periodic medium is of the form 9 
EK(X, z) =EK(X) eixeis
, where EK (x) is periodic with a period, A, i. e, EK(x+A)=EK(X) . (22) The subscript K indicates that the function E,(x) depends on K. The constant K is known as the Bloch wave number. The problem at hand is thus that of determining K and EK(x).
In terms of our column vector representation, and from (4), the periodic condition (22) for the Bloch wave is simply (23) ( n) =eJKA ( an) It follows from (9) and (23) According to (4) and (23) The band structure for a typical stratified periodic medium as obtained from (27) The eigenvectors corresponding to the eigenvalues (25) are obtained from (24) and are uncoupled. The dispersion relation X vs K for the special case Hi=0, i.e., normal incidence, is shown in 
IV. BRAGG REFLECTOR
Periodic perturbation in a dielectric medium has been used extensively in fabricating distributed feedback lasers"," 1 (DFB) and distributed Bragg reflection lasers 12 (DBR). Corrugation over the guiding layer is the usual way of providing periodic perturbation. The optical fields are determined by using the coupledmode theory' 3 which in a truncated (finite number of terms) form is a very good approximation as long as the perturbation is small. In the case of square well alternation which corresponds to the layered medium described above, an exact solution is obtained by our matrix method.
Consider a periodically stratified medium with N unit cells. The geometry of the structure is sketched in From (19) we have the following relation:
The reflectivity is obtained by taking the absolute square of rN,
We have in (34), the first published analytic expression of the reflectivity of a multilayer reflector. The term I Cl 2 is directly related to the reflectivity of a single unit cell by
The I rl 2 for a typical Bragg reflector is usually much less than one. As a result, I C l 2 is roughly equal to Ir,1 2 . The second term in the denominator of (34) 
In the "forbidden" gap KA is a complex number
The reflectivity formula of (34) becomes 
V. GUIDED WAVES
Multilayer waveguides are becoming increasingly important in integrated optics. The two-channel dielectric waveguides have been studied extensively in the theory of branching waveguides' 5 " 6 which is used in fabricating mode selectors, switches, and directional couplers in integrated optics 1 7 The analytic treatment for the general N-channel waveguide, however, suffers from the serious difficulty of solving an eigenvalue problem involving a 4N x 4N matrix, and has relied heavily on numerical techniques.
In the present analysis we employ the matrix method The geometry of the waveguide is sketched in Fig. 9 . sists of a stack of dielectric layers of alternating indices of refraction. Analytic expressions for the mode dispersion relations and field distributions can be obtained by the matrix method.
We are looking for guided waves propagating in the positive z direction. Two important periodic multichannel waveguides will be considered in the following.
A. Symmetric type
Consider the simplest kind of symmetric PMDW with the index of refraction given by
Section view of a typical N-channel symmetric waveguide.
We will limit our analysis to TE waves only. It was shown in Sec. II that the translation matrix T which relates the field vector in one period to that of the next one is given by
where, after defining -ik 1 j=q, k 2 , =p, we get
Since we are interested in guided waves only, the fields must be evanescent in the n 1 layer. We set ao = bN = 0 in (30); since only outward radiating waves can be presented in a waveguide, the mode dispersion relation is The grand matrix which relates (ab) to (ab ) in this case is easily obtained from the continuity condition (6) and is given by
where
The first matrix of the matrix product in (47) accounts for the replacement of nl by na. which is the mode condition for a symmetric N-channel waveguide by setting na n 1 .
Associated with each /3 of a confined mode at a given frequency, there is a corresponding Bloch K vector given by (27) . Instead of having all eigenvalues (/3's) in the allowed band, an asymmetric periodic N-channel waveguide can have some eigenvalues (/3's) with corresponding complex K and thus be in the "forbidden" band. These modes can be traced in terms of perturbation theory to the unperturbed modes of the surface channels in terms of perturbation theory. The characteristics of those modes are the localization of energy near the sur- The properties of surface mode will be discussed more thoroughly in Sec. VII.
The transverse field distributions for a few typical periodic multichannel asymmetric dielectric waveguides are shown in Figs. 14 and 15 with N equal to 2 and 5, respectively.
Only the confined modes in the first allowed band which corresponds to the lowest-order modes of the uncoupled individual channel waveguide are shown. As we know, there are exactly N modes in each complete group. The modes will be des- The field distribution depends strongly on the index of refraction of the superstrate na when n 0 is near nj.
The variation for the fundamental mode is shown in Figs. 16 and 17 for N=2, 5 respectively. There is a drastic change of the field distribution for the surface channel when n 0 is varied slightly from nj. This phenomenon will be very useful in branching waveguides if a superstrate material with electro-optical effect can be found so that na can be tuned slightly around nl by applying a dc field:
This drastic change of the field distribution due to slight variation of n 0 can be used in electro-optical modulation.
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In the above analysis we assumed that the refractive index of the substrate n, = n 1 for the simplicity of calculation. This is the reason why only one surface mode is found. In general, if nj * n, < n 2 , two surface modes will exist. This is similar to the surface states in a crystal where the number of surface states is equal to the number of surface atoms. Here the number of surface modes is equal to the number of surface channels. so that the wave is propagating in the guiding channels and evanescent in the substrate and cladding regions. For large enough separation between channels the whole band of /3 levels will fall between Om. and Kmnn so that all the N modes are confined. As the guiding channels are brought closer together, the /3 levels "repel" each other. As a result some of the modes will find their /3 value expelled from the confined region in /3 space.
Those modes are transformed into radiation modes (/< 3mid). The transition is shown in Figs. 12 and 13.
VI. BRAGG REFLECTION WAVEGUIDES
Optical dielectric waveguides with a slab configuration are capable of supporting lossless confined modes provided the index of refraction of the inner layer exceeds the indices of the two bounding media. This condition is necessary to obtain an imaginary transverse propagation constant which corresponds to an evanescent decay of the mode field in the bounding media.
There are many practical situations where it is desirable or necessary to guide power in a layer with a lower index than that in the two bounding media. A prime example of such a case is the waveguide laser in which the inner layer is air. This situation leads to lossy (leaky) modes whose loss constant increases as the third power of the reciprocal thickness of the inner layer.
In what follows we will show that, in principle, lossless propagation is possible in a low-index slab pro- vided the bounding media, with indices of refraction larger than that of the inner slab, are periodic. The model analyzed below assumes stratified periodic media. The use of stratified media in dielectric waveguiding has been proposed by Ash' 9 who, however, did not consider the case of confined propagation in low index materials.
Referring to Fig. 18 We take a solution in the form The new feature in this case is the form of the wave EK(x) eiKX in the stratified periodic medium (iii) where
EK(x) eiK is given by (28).
It is important to note that the sign in front of the square root in (25) has to be the same as that of 2 
(A +D).
This ensures that the Bloch wave is evanescent in the positive x direction.
To obtain the solution for the mode of the waveguide of Fig. 18 we match the fields and their x derivatives at x = -t. The result, using (26), (28), and (56), is the 
kg (qsinkgt+kg coskgtj zk/ e-iKA-A+B
The left-hand side of (58) (58) is a (fixed) real number. We then proceed to adjust the thickness of the guiding layer t until an equality results. A simple physical description of the mathematical procedure just outlined is as follows: For confined and lossless mode propagation complete reflection must take place at the interface (see Fig. 18 ) between the guiding layer and the layered medium. This indeed occurs only when the zig-zagging wave is incident on the interface under conditions corresponding to that of a forbidden gap. to ensure a propagating mode is to choose the thickness t so that the transverse round-trip phase delay is some multiple of 2r. 2 '
A calculated distribution of such a waveguide is shown in Fig. 19 . Note that in the periodic (layered) medium the field corresponds to a periodic pattern under an evanescent envelope e-Kix as appropriate to a Bloch wave in a forbidden gap.
Also important is the fact that the evanescent decay is nearly complete in several periods so that practical structures with, say, ten unit cells are a good approximation to the semi-infinite layered medium assumed in the analysis. The result of such a procedure is shown in Fig. 20 . Such a structure can be used as the waveguide for gaseous lasers. The Bragg waveguides described above should display strong discrimination against higher-order transverse modes, i. e., modes with a larger number of nodes in the central guiding region. This is due to the fact that the existence of a given mode requires, as discussed above, the simultaneous fulfillment of the transverse resonance condition within the guiding layer and the Bragg condition in the layered media. If the waveguide is designed so that these conditions are satisfied for a given transverse mode, they will not be satisfied by other transverse modes, except accidentally. We can show that if the waveguide is designed for the fundamental transverse mode (s = 0) then in order that the sth mode exist as well, the condition 
need very nearly be satisfied. In Eq. (61) it was assumed that (nl -n 2 )/n 1 << 1.
VII. ELECTROMAGNETIC SURFACE WAVES
It is the purpose of this section to investigate the electromagnetic surface waves guided by the boundary of a semi-infinite periodic multilayer dielectric medium. The surface wave, by definition, is a wave bounded by the interface between two semi-infinite systems. For example, the ripple phenomenon in water is a surface wave guided by the interface between air and water. Another interesting kind of surface wave is the electronic surface state which has been extensively studied in solid-state physics. The existence of localized modes ("surface states") near the interfaces of a layered medium and a homogeneous one was suggested by Kossel. 22 An approximate solution in the limit of loose binding was given by Arnaud and Saleh. 2 3 In this paper, the band theory of the periodic dielectric medium is employed to study the surface wave with an eigenvalue in the "forbidden" band.
The existence of a surface state can be explained as follows: In Sec. III we have shown that, at a given frequency, there are regions of 13, for which K is complex and K=mvff/A±iKe. For aninfinite periodic medium the exponential intensity variation cannot exist, and we refer to these regions as "forbidden." If the periodic medium is semi-infinite the exponentially damped solution is a legitimate solution near the interface and the field envelope decays as e&Kix, where x is the distance from the interface.
The existence of surface states can also be argued using perturbation theory. According to perturbation theory, the periodic multilayer dielectric medium which consists of alternating layers of different indices of refraction can be considered as a system of interacting waveguides. These waveguides are identical to each other except for the one near the surface. The interaction strength between the waveguides depends on the separation between the neighboring waveguides due to overlap of the evanescent field distributions. When the separation is infinite, there is no interaction and the guides can be considered as independent of each other. The eigenvalues (13 's) thus fall into two groups: One is an infinitely degenerate state, the other is a nondegenerate state which corresponds to the extreme guide near the surface. As the waveguides are brought together, the interaction between the waveguides causes the eigenvalues to split. The splitting is shown in Figs. 12 and 13. As the eigenvalues split, the allowed energy band for the infinite structure is fully occupied by the levels originating in the infinitely degenerate level. As a result, the nondegenerate level corresponding to the waveguide near the surface will be expelled out of the allowed energy band. The only place where this state can be accommodated is in the forbidden gap. The field distribution for this state is localized near the surface because of the fact that the corresponding eigenvalue is in the "forbidden" band, i. e., K= m7T/A+ iK 1 .
To investigate the properties of the surface modes consider a semi-infinite periodic multilayer dielectric medium consisting of alternating layers of different indices of refraction.
The distribution of the indices of refraction is n= , mA 'x< mA + b, ni, mA+b-x<(m+l)A (m=0, 1, 2,...).
(62)
The geometry of the structure is sketched in Fig. 21 . We look for the possibility of waves propagating in the positive z direction. Since the structure is semi-infinite, we are only interested in the surface wave as far as guiding is concerned. For the sake of definiteness we consider the case of TE surface modes where the electric field is polarized in the y direction. The electric field distribution (TE) obeys the wave equation (54).
We take the solution of (55) in the following form:
( a! eqax, and a is a constant.
In order to be a guided wave, the constant K in (63) must be complex so that the field decays as x goes to infinity. This is possible only when the propagating conditions (i. e., ,3) in the periodic medium correspond to a "forbidden" band. Another condition is that E(X) and its x derivative be continuous at the interface with medium a. This gives us the condition for surface modes
Equation ( 
where Kl is the imaginary part of K. Generally speaking, the fundamental surface wave has the highest Ki and hence the highest degree of localization. The fundamental surface wave may happen to be in the zeroth or the first forbidden gap. It depends on the magnitude of the index of refraction na. For na less than nj, which is a case of practical interest (na is the index of refraction of air), the fundamental surface wave has a Bloch wave vector in the first forbidden gap. This is due to the fact that when the waveguides are separated infinitely from each other the singlet state has an eigenvalue B lower than that of the infinitely degenerate state.
The field distribution in each period is similar to that of the distribution in the preceding period except that the amplitude is reduced by a factor of (-l)" e-KI, where m is the integer corresponding to the mth forbidden gap.
We have derived the mode condition for the surface wave by matching the boundary condition between an evanescent wave and a decaying Bloch wave. This electromagnetic surface wave is almost completely analogous to the surface state in solid-state physics. The existence of the surface mode in a semi-infinite structure is independent of the separation between waveguides, because the allowed band is always fully occupied. However, in a finite system, the allowed band is not fully occupied. As a result, the surface wave appears only when the separation is large enough so that one of the eigenvalues falls within the "forbidden" gap (see Figs. 12 and 13 ). This state of affairs is quite different from that of electronic surface states in crystals where, according to Shockley, 24 surface levels appear only when the interatomic distance becomes small enough so that the boundary curves of the allowed energy bands have crossed. The number of surface modes equal the number of modes that can be guided by the waveguide near the surface. This is very comprehensible in terms of perturbation theory.
The surface mode can still be guided when n 2 <n, however, the local extrema occur in the regions with index nl where the x dependence is sinusoidal. This is a general property of evanescent wave. The field distribution profile can bend at most once in the region where the wave is evanescent. The bending corresponds to a local minimum of the magnitude of field distribution. Because of the fact that (l/E)(8 2 E/8x 2 ) is always positive, for E> 0, the field distribution profile is concave upward, while for E< 0, the field distribution profile is concave downward. This makes it impossible for I E(x)I to possess a local maximum in the region where the wave is evanescent.
In the above analysis we assumed (w/c)n, <K j< (co/c)n 2 so that the field is propagating (i. e., has a sinusoidal x profile) in the higher index medium while being evanescent in the lower index medium. However, this condition is not .necessary. Surface waves exist also when f3< (w/c)n 1 , 2 . The analysis in this case is exactly the same as that above except that q has to be replaced by -iklx. The guiding, however, is not as tight as that of the former case, since the Bloch waves decay faster whenever there is a region where the wave is evanescent.
The surface wave does not exist, however, when 3> (w/c)nl, 2 since in this case (l/E)8 2 E/8x 2 > 0 everywhere so that if the field is evanescent in the homogeneous medium a, it will increase without bound in the periodic medium and vice versa. We have also obtained exact solutions for the dispersion X vs K, or f3 vs K, of the medium. This should prove useful in phase matching2 in nonlinear optical applications as well as in electro-optical modulation.
The general formalism developed in this paper will be applied in the accompanying paper to consider a number of specific problems. 
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ABCD matrix with eigenvalues e*iKA, respectively.
There are M layers in each period. the mth layer is given by tm =Xm -Xmil
The electric field distribution in the nth unit cell is given by
The thickness of The theory of electromagnetic Bloch waves in periodic stratified media is applied to the problems of birefringence and group velocity in these media. The relevance of periodic media to phase matching in nonlinear mixing experiments and to laser action in the x-ray region is discussed.
I. PHASE VELOCITY AND GROUP VELOCITY
We have derived in paper Ii some of the important characteristics of Bloch waves propagating in a periodic stratified medium. An exact expression for the dis-persion relation between K, 1, and w was derived. This dispersion relation can be represented by contours of constant frequency in the B-K plane as in Fig. 1 .
It can be seen that these contours are more or less
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